We consider a class of sigma models that appears from a generalisation of the gauged WZW model parametrised by a constant matrix Q. Particular values of Q correspond to the standard gauged WZW models, chiral gauged WZW models and a bosonised version of the non-abelian Thirring model. The condition of conformal invariance of the models (to one loop or 1/k-order but exactly in Q) is derived and is represented as an algebraic equation on Q. Solving this equation we demonstrate explicitly the conformal invariance of the sigma models associated with arbitrary G/H gauged and chiral gauged WZW theories as well as of the models that can be represented as WZW model perturbed by integrably marginal operators (constructed from currents of the Cartan subalgebra H c of G). The latter models can be also interpreted as [G × H]/H gauged WZW models and have the corresponding target space couplings (metric, antisymmetric tensor and dilaton) depending on an arbitrary constant matrix which parametrises an embedding of the abelian subgroup H (isomorphic to H c ) into G × H. We discuss the relation of our conformal invariance equation to the large k form of the master equation of the affine-Virasoro construction. Our equation describes 'reducible' versions of some 'irreducible' solutions (cosets) of the master equation. We suggest a classically non-Lorentz-invariant sigma models that may correspond to other solutions of the master equation.
Introduction
There exists a large class of solutions of string equations related to (gauged) WZW models that were actively discussed recently. This suggests to look for other conformal solutions based on similar WZW-type models as well as to try to understand the existence of known solutions in a systematic way. Below we shall consider a 'universal' model that contains other known models as special cases. Particular cases include σ-models which correspond to gauged and chiral gauged WZW theories, bosonised version [1] of the nonabelian Thirring model [2] and WZW model perturbed by integrably marginal JJ operators [3] .
Part of the original motivation behind this work was to explore a possibility to derive the Virasoro master equation [4] [5] as a condition of conformal invariance of a standard off shell Lorentz invariant sigma model. Since the affine-Virasoro construction [4] [5](see also [6] [7] [8] [9] [10]) contains the affine-Sugawara and coset models [11] [12] as special cases and is parametrised by a constant matrix L ab it is natural to start with a σ-model that also generalises the corresponding field theories -the WZW model [13] [14] and the gauged WZW model [15] [16] [17] .
1
In Section 2 we shall present the classical Lagrangian and Hamiltonian of our model which depends on a constant matrix Q and explain how various known models correspond to special values of Q.
In Section 3 we shall put the action in the form of a σ-model one and compute the corresponding conformal anomaly coefficients ('β-functions') in the leading order approximation in α ′ = 2/k. We shall find that the conditions of conformal invariance reduce to an algebraic equation for the basic matrix K (related to Q) which is equal to the constant part of the target space metric in normal coordinate system. This equation can be derived from a 'central charge action'.
1 The 2d field theory action suggested in [6] does not include the case of the coset models and is not of the standard σ-model type since it contains some extra fields (Lagrange multipliers) which are necessary for its Lorentz invariance.
In Section 4 we shall study the solutions of the conformal invariance equation and, in particular, demonstrate that the gauged and chiral gauged G/H WZW σ-models are conformal invariant for arbitrary simple G and H. We shall also show that the σ-model perturbation theory gives the expected expressions for the central charges. We shall find another class of solutions with K depending on an arbitrary constant r × r (r = rank G) matrix ρ and interpret them in terms of [G × H]/H gauged WZW models with H being an abelian group of dimension r and ρ being related to the coefficients that parametrise an embedding of H into G × H. The equation can be solved explicitly in the case of G = SU (2) when no new solutions (except the already mentioned above) are found.
In Section 5 we shall discuss the relation of our conformal invariance equation to the large k limit of the Virasoro master equation [4] [5] . In general, the solutions of the two equations form different but intersecting sets (with the common solutions apparently been cosets only). We shall suggest that while the master equation has only 'irreducible' solutions (like standard WZW and cosets) our equation contains also 'reducible' ones (like chiral gauged WZW and its generalisation equivalent to [G × H c ]/H c coset model). It should be possible to represent the latter (using chiral combinations of original non-chiral currents) as direct products of 'irreducible' solutions. Solutions of our equation correspond to field theories that are manifestly Lorentz invariant off the conformal point. At the same time, the action that corresponds to the off conformal point extension of the large k limit of the Hamiltonian of a generic affine-Virasoro construction is not Lorentz invariant [6] (see also [10] ). We shall suggest a class of non-Lorentz-invariant σ-models that may have their conformal invariance conditions being related to the master equation.
The model
The model we shall study below can be represented as the following generalisation of the gauged WZW model (S Q = kI Q )
where a, b, ... are the indices from the Lie algebra of a group G (which we shall assume to be simple) and
2)
The model is parametrised by a constant matrix Q ab = Tr (T a QT b ). In what follows we shall take Q to be symmetric though it would be interesting to generalise the discussion by relaxing this assumption.
We shall also assume that the vector field (B,B) has the form (this will be important in the case when Q ab is degenerate)
Then the B(...)B-term in (2.1) takes the form
The standard WZW theory corresponds to the limit Q → ∞I when B,B decouple. The action of the gauged G/H WZW model (with a vector subgroup H) is recovered when gauged WZW (vector) : Q = P , P 2 = P , (2.6) 2 We shall use the following conventions:
bc . η ab = δ ab in the case of a compact group. We shall use η ab to raise and lower indices and to contract repeated indices. Depending on a context, both η ab and δ a b will be denoted by I. We shall assume that (ab) = (ab − ba) , etc. We shall use the same letters G and H for the algebras of G and H. H c will denote the maximal abelian (Cartan) subalgebra of G, dim H c = r.
where P ab is the projector on the Lie algebra of the subgroup H. The case when H is the axial subgroup (which is not anomalous if H is abelian, see e.g. [18] when the matrix M in (2.5) is equal simply to P CP . The model (2.1) with Q ab = (a+1)P ab where a is a number was discussed in [21] [22] .
Both the gauged and chiral gauged WZW models are conformal invariant at the quantum level since their actions can be represented as combinations of independent WZW actions
where A andĀ have been parametrised in terms of h andh which take values in H,
In what follows we shall find (in the one-loop approximation) the conditions on the matrix Q under which the action (2.1) describes a conformal theory.
Solving for A,Ā in (2.1),(2.4) one finds the following semiclassical action for the group 10) where the inverse is defined on the subspace on which Q is non-degenerate. Note that the matrix M is a non-trivial function of g and (2.9) (as well as (2.1)) does not have a global G-invariance. The action (2.9) can be interpreted as a WZW action perturbed by an operator which is not integrably marginal [3] in general. It can be put in the form of an integrably marginal JJ -operator in the case when Q will have the form P ρP where P is the projector on the Cartan subalgebra of G (in agreement with the previous discussions [23] [24] [25] [26]). Such Q will be one of the solutions of the conformal invariance conditions of the model (2.9) to be derived below.
It should be stressed that our true starting point is the action (2.1) while (2.9) appears only as a semiclassical approximation. For example, to preserve conformal invariance present in (2.1) for special Q (2.9) should be supplemented by the dilaton coupling originating from the integral over A in (2.1). When Q is non-degenerate the action (2.9) is related to the action discussed in [1] in connection with bosonisation [13] [27] of the non-abelian Thirring model [2] . 3 In this case M takes the form
The WZW action corresponds to Q = ∞I. When Q = 2I (i.e. in the case of the G/G chiral gauged WZW model, cf. (2.7)) eq.(2.9) takes the form of the WZW action with the sign of the first term in (2.2) reversed. relates two 'dual' models of the type (2.9) (see also [28] ). In the next section we shall derive the condition of conformal invariance of this model (to the leading order in 1/k but to all orders in the (symmetric) coupling) as well as an 'action' ('potential') from which it follows, thus providing a natural extension of the discussion in [1] . It should be emphasized that our approach is more general than that of [1] being applicable also when Q is degenerate so we are able to include systematically the cases of the G/H gauged (and chiral gauged) WZW models. In these cases it is important also to take into account the dilaton coupling (see (3.1), (3.4) ) that in general should be added to (2.9). 4 In the context of ref. [1] this case corresponds to the second ('dual') conformal point [2] of the Thirring model (see also [28] Using Minkowski notation we have for the pure WZW action
. Assuming that p m and x m have standard Poisson bracket relation one finds that the currents
form two commuting affine algebras [13] [29] . In the case of (2. 
In the singular case of the gauged WZW model (2.6) one is to take the limit Q = P + ǫ, ǫ → 0, so that the resulting Hamiltonian is finite on the subspace where J H −J H = 0
5 Similar result is found in another singular limit (2.6
In the chiral gauged WZW model case (2.7) [20] [21]
Note that the 'non-diagonal' JJ term in (2.13) is non-vanishing in all other cases when
we get
so that (2.13) can be put into the form
which has an obvious duality-type symmetry
Note that (2.20) is not a symmetry of the action (2.9) itself, but it should relate two 'dual' actions which give the same generating functionals for the correlators of the corresponding currents (as in the simple case of a single coupling in [28] ). 6 In particular, this should be the case for K = 1 + P ρP (with P being the projector on the Cartan subalgebra of the algebra of G) when (2.20) should be related to a particular element of the O(2r, 2r) (r = rank G) duality group (see [30] [23] [24] [25] [26] ). 6 The transformation K → −K −1 ,J → −J is also a symmetry if it is accompanied by reversing the sign of the coefficient k of the action (for a discussion of a similar symmetry in the quantum generating functional of the single-coupling Thirring model see [28] ). In the case of a non-degenerate Q the matrix K is related to the Thirring coupling of
When Q is non-degenerate we can represent the action (2.1) in the form
By formal manipulations in the path integral and use of the Polyakov-Wiegmann formula the action I ′ can be transformed into (we shall ignore the quantum shifts of k, see [28] )
, (2.23)
Integrating out h ′ ,h ′ and redefining g we get the dual actionĨ Q ′ (g ′ , u,ū) with k → −k and
Sigma model representation and equations of conformal invariance
As in the cases of gauged and chiral gauged WZW models (see e.g.
one can represent the semiclassical action (2.9) or S Q (g) = kI Q (g) in the σ-model form
3)
We have introduced the coordinates on the group G and the vielbein E a M according to
G 0mn and B 0mn are the WZW couplings corresponding to the group space
We have also included the dilaton coupling that originates from the determinant of integration over A,Ā in passing from (2.1),(2.5) to (2.9). As in the gauged WZW case the presence of a non-trivial dilaton is related to the fact that det G = det G 0 , i.e. the dilaton can be also represented in the form
The matrix functions g ac and b ac in (3.2), (3.3) have the form (see (2.5),(2.10))
In the gauged WZW case (2.6) when
In what follows we shall determine the conditions on Q under which the model (3.1) is conformal invariant. The one-loop equations of conformal invariance of the σ-model (3.1)
have the standard form [33] 
10) 7 We rescale the coordinates x m to make them dimensionless, absorbing the 'radius' of the group space into α ′ . 8 Similar degeneracy takes place in the axial gauging case when Q = 3P , g(C T + 1)P = 0.
where D = dim G and C is the total central charge. Using (3.8),(3.10), i.e.
C can be represented in the form
G mn and B mn depend on x only through E a m and C ab so it is straightforward to compute the curvature of G mn and H mnk with the help of the relations
i.e. R m nkl and H mnk will be given by sums of products of E a m , f a bc and matrix functions of C ab and Q. That means that the geometrical objects appearing in (3.8)-(3.10) are 'dimensionally reducible' (cf. [34] ) in the sense that their expressions at an arbitrary point of the group space G can be determined (by integrating differential equations implied by (3.12)) from their values at a particular point of G.
To establish the conditions on Q that follow from (3.8),(3.9) one can, therefore, use a short-cut method by expanding E a m and C ab in normal coordinates near the unit element of the group (see e.g. [35] )
14)
Then the matrix M in (3.6),(2.5) is given by
and so 16) where the constant matrix K ab have already appeared in (2.17), i.e.
The inverse is assumed to be defined on a subspace where
When Q is non-degenerate
The expansions of G mn , B mn and φ have the form 20) so that one finds for the Ricci tensor, 23) where the repeated indices are contracted with η ab , underlined index indicates an extra factor of K and an index with a bar -a factor of K −1 , for example,
We have used that f abc = η ad f d bc is totally antisymmetric. The above expressions reduce to the well-known results in the group space limit when
In the case of the gauged WZW model (2.6) one should first project the metric G mn and H mnk on G/H to make them non-degenerate and only then expand in powers of x.
Then eqs. (3.13)-(3.18) still apply if all uncontracted indices are multiplied by the G/H projector P ⊥ = I − P and both K and K −1 are replaced by P
In the case of the chiral gauged WZW model (2.7) one finds that K = K −1 , i.e. 27) so that it is not necessary to distinguish between the m and m indices. If G and H are compact, K in (3.27) can be put into the form K ab = diag(+1, ..., +1, −1, ..., −1).
9
Since the objects in eqs. 
The trace of this equation with K −1 mn is
The dilaton equation (3.10) implies
29)
9 Note that K ab is the constant part of the target space metric (3.18) (cf. also the Hamiltonian (2.19)) and thus the signature of it is determined by the signatures of the Killing metrics of G and H. For example, we get just one time-like direction if G is compact and H = U (1) (see also [21] ).
while combining (3.28 ′ ) and (3.29) one gets the expression that follows from (3.11) 
with C given by (3.11). For the background under consideration the 'measure factor' √ Ge −2φ = √ G 0 is K-independent and that is why ∂C/∂K = 0 is equivalent to (3.28).
10
Eq.(3.9) is always satisfied to the leading order. The constant term in (3.9) should be given by a sum of the products of two factors of f abc , one K −1 and several K's but an antisymmetric tensor of such structure does not exist if f abc is totally antisymmetric and K ab is symmetric. The absence of an extra antisymmetric constraint coming from (3.9) is consistent with the fact that our background is parametrised by a symmetric matrix K ab (which is the variable in the 'action' (3.30)).
Let us emphasize the central role played by the matrix K ab (3.17) in the above construction. This is clear from the representation (2.19) for the Hamiltonian (2.13), (2.18) which is of course related to the following expressions for the inverse matrices to g ab and 10 Eq.(3.30) gives the 'effective potential' (of the structure 
Solutions of the conformal invariance condition
Let us now study possible solutions of the conformal invariance equation (3.28) or, explicitly, of
In general, this equation is not invariant under K → K −1 . However, the 'coupling constant duality' K → K −1 becomes manifest in the β-function in the simplest possible case when K is proportional to a unit matrix
Then (3.28) and (3.30) take the form
3) 
(4.5)
11 Similar expressions (which are exact in K 0 but first order in 1/k) for the β-function and the central charge 'potential' were derived in the Thirring model context [2] [37] in [28] . In our approach A less trivial solution corresponds to the G/H gauged WZW model (2.6),(3.26) when
Furthermore, if we formally take K to be a projector, i.e. K = K −1 = K 2 then using again the notation in which the indices multiplied by K are underlined, we get from (4.6)
The KK-projection (i.e. the product with K mm ′ K nn ′ ) of this equation is satisfied automatically while the projections KK ⊥ and
wherem denotes an index projected with the help of K ⊥ .
In the case of the gauged WZW model the gauge invariance implies that one should consider only the KK-projection of (4.1), i.e. (4.7 ′ ),(4.7 ′′ ) are absent and thus (4.1) is satisfied. 12 Then the expression for the central charge (3.29) becomes
Let the indices r, s, t be from the algebra of the subgroup H (i.e. from the K ⊥ -space or the same as indices with hats) and the indices µ, ν, λ, ... be from from the tangent space 12 Note that our derivation of (4.1) from (3.8) formally applies only when the metric (3.18) or K is non-degenerate. The gauged WZW model case is special, having explicit gauge invariance that implies the use of appropriate projectors (or gauge fixing). 13 Because of gauge invariance of the path integral of the gauged WZW model [15] [16] one is also to replace the number D of the degrees of freedom in (3.29) by
to G/H (i.e. from the K-space or the same as underlined indices). Then one has f µrs = 0 (H is a subgroup) and
As a result, (4.8) reproduces the first term in the 1/k-expansion of the central charge [12] of the gauged WZW (or coset) model
Next, let us consider the solutions with K = K −1 , K 2 = I. This is the case of the chiral gauged WZW model (2.7), (3.27) . At the 'self-dual' point K = K −1 eq.(4.1) reduces to (4.6). It is straightforward to check that this equation is satisfied if K = I − 2P with P being a projector on a subalgebra. Namely, one should have f µrs = 0 where we set again m = (µ, r) with r, s, t, ... corresponding to P and µ, ν, λ, ... corresponding to P ⊥ ≡ I − P .
When K = K −1 the central charge (3.29),(3.30) takes the form similar to (4.8) 
Let us now relax the condition K = K −1 and look for other solutions of (4.1). One possible ansatz is a generalisation of K = I − 2P , namely,
where the constant γ and the constant matrix ρ ab are to be determined. One can show (e.g. by taking the P P, P ⊥ P, P ⊥ P ⊥ -projections of (4.1)) that the solution exists only if
if P is a projector on a subalgebra. If the subalgebra is non-abelian then the only solution is the chiral gauged WZW one (3.27), i.e. |γ| = 1 , ρ = −2γI. If, however, P is a projector on an abelian subalgebra (any subalgebra of Cartan algebra H c ), i.e. f mnk P nn ′ P kk ′ = 0, then γ 2 = 1 but the matrix ρ can be arbitrary, i.e.
The reason why one finds a conformal model for an arbitrary ρ can be understood in the following way (for a related discussion see [26] 
where y s (s = 1, ..., r) are the variables of the WZW theory for H and λ st are constants that parametrise the embedding of H into G×H. In the gauge y s = 0 this action is equivalent to (2.1) if Q there is given by (4.14 ′ ) with ρ st = −4λ The Hamiltonian corresponding to the solution (4.14 ′ ) is given by (2.13),(2.18)
i.e. contains the JJ-term. The central charge (3.29) for K in (4.14 ′ ) is ρ-independent and is the same as for the [G × H c ]/H c coset or simply G affine-Sugawara model, i.e. is given by (4.5).
One may look for other solutions of (4.1) representing the symmetric matrix K in the 'diagonal' form (as in [7] [9])
Here Ω is an element of SO(D G ). Then the basic equation (4.1) reduces to
The solutions of (4.16) correspond to extrema of the central charge 'action' (3.30) which in the case of (4.15) is given by
14 This is a reflection of the general equivalence [21] 
The non-zero components of (4.18) correspond to m = n and p m = −p n = 1; then
The previously discussed chiral gauged WZW solution (3.27) is reproduced as a particular case.
It is easy to show that no additional solutions of (4.16) are found if G = SU (2) or SL(2, R). Heref mkl = f mkl = ǫ mkl and we get from (4.16)
with the only non-trivial solution (up to permutations and replacements of +1 by −1) [38] which, in fact, is conformally invariant for an arbitrary value of one free parameter (charge) related to ρ.
Relation to Virasoro master equation
An obvious question is how eq.(4.1) is related to the Virasoro master equation of
We have rescaled L of [4] [7] by 2k. Using the same representation for L as for K in (4.15) one can put (5.1) into the form [7] [9]
In the large k limit the system (5.2) reduces to [9] That (5.1) with L 2 = L is different from (4.1) with K 2 = K (i.e. from (4.7)) is easy to see also without using the 'diagonal' representation. In terms of the same notation as in
projections of (5.1) (equivalent to (5.4)) in the following way
The system (5.5),(5.6) is obviously different from (and is much less restrictive than) the system (4.7 ′ ),(4.7 ′′ ) that follows from (4.1),(4.7).
The only obvious common solution of (4.1) and the k → ∞ limit of (5.1) 15 15 Since the basis of the affine-Virasoro construction is the current algebra, the starting point in [6] is the classical Hamiltonian which does not contain JJ-terms. This is natural since if the currents are (anti)holomorphic then such a structure is implied by conformal invariance. At the same time, the currents that appear in the Hamiltonian of our model (2.13) are not, in general, (anti)holomorphic on shell (since the equations of motion that follow from (2.1),(2.9) are different from the standard equations of the WZW model). As a result, we got conformal solutions (4.14 ′ ) (with K = K −1 ) for which there is a JJ-term in the Hamiltonian.
In general, our model (2.1),(4.1) should not be expected to describe 'reducible' solutions corresponding to 'irreducible' solutions of the master equation other than cosets.
In fact, since K is the constant part of the metric (3.18) the derivation of (4.1) from thē β-function equations (3.8) formally applies only when K is non-degenerate. The case of the gauged WZW model when K = K 2 , i.e. is singular, is a special one; it can still be treated in a consistent way because of the explicit gauge invariance of the action (2.1) An existence of such generalised σ-models that are not Lorentz invariant at the classical level but become invariant at the conformal point was conjectured in [39] (where the σ-models with doubled number of coordinates were introduced in order to make the target space duality symmetry manifest at the string world sheet action level).
One possible starting point is the group space action of [6] (in the gauge v =v = 0).
We would like, however, to suggest what seems to be a natural alternative approach which is based on doubling of the number of group space variables (but not of the degrees of freedom). The idea is that in trying to construct an off shell extension, one may represent the chiral currents J,J of the affine-Virasoro construction either in terms of one group field g(z,z) with the standard WZW equations of motion or a pair of fields g − (z,z), g + (z,z) which become chiral on shell. There exists a reformulation of the WZW model in which one replaces the field g(z,z) by the two 'chiral' fields g − (z,z) and g + (z,z) described by 
or
These models are Lorentz invariant only on the equations of motion. In the absence of interaction between g − (z,z) and g + (z,z) it is possible to integrate out the 'ratio' of g − and g + explicitly, ending up with the standard WZW action for g = g − g + [44] [39] . Let us consider the following analog of (2.1)
where L ab is a constant symmetrix matrix. Integration over
16 These actions can be also obtained from the manifestly Lorentz invariant actions in the Siegel's approach to chiral scalars [42] by gauge-fixing the Lagrange multiplier [43] . 17 A model of this type was considered in [39] . Similar actions in the Siegel's formulation [42] for chiral scalars appeared in [45] . The latter approach is manifestly Lorentz invariant but one has to deal with extra (Lagrange multiplier) degrees of freedom and preserve [46] the corresponding gauge symmetries. Such actions with Lagrange multipliers may be related to the action in [6] . [47] . If the Lagrangian of a mechanical system is L = a i (q)q i − V (q), then the Hamiltonian is just H = V and the Poisson bracket of functions on the phase space is
. It is possible to check that if one starts with the action (5.11) or, equivalently, with I ± (g ± ) or I ′ ± (g ± ), then the brackets one gets are such that the currents (5.10) form the standard affine algebras [41] .
The Hamiltonian for the pure 'kinetic' action I ′ ± is zero, for the chiral WZW action I ± is given by the 'potential'
We conclude that the action ( where A − = ∂ − hh −1 (h is from H) and I(h) is the usual WZW action (see also [41] ). The action (5.16) is invariant under g + → f g + , h → hf −1 , f = f (x − ).
19
The action (5.12) is not, in general, Lorentz invariant at the classical level (even on the equations of motion). The coset case L = I − P H (including L = I) is special since here the action (5.12) is Lorentz invariant on the mass shell. This is not surprising since in the coset case one can integrate out the 'ratio' of g + and g − explicitly, getting a local, 19 To have a non-chiral gauge invariance one needs to add an extra term A − A + . This corresponds to a 'vector' regularisation scheme. In the present setting the 'left-right decoupled' scheme seems more natural. If A − A + -term is added to (5.9) the action (5.11) and the Hamiltonian (5.14)
become more complicated and, in particular, contain J + J − -term. The absence of the A − A + -term is the reason why by integrating out the 'ratio' of g + and g − one gets not a standard gauged WZW action but a chiral gauged WZW action for g = g + g − .
manifestly Lorentz invariant action for g = g + g − . In fact, a combination of (5.16) with a similar action for g − , A + leads to a (chiral) gauged WZW action for g = g + g − . Since [39] 20 I + (g + ) + I − (g − ) → I(g) , g = g + g − , 
